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Abstract
The components of the renormalized quantum stress tensor for a massive vector field in the
spacetime of a pointlike global monopole are determined analytically in the Schwinger-DeWitt
approximation. The general results are employed to investigate the pointwise energy conditions for
the quantized matter field, and it is shown that they are all violated by the massive vector field.
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I. INTRODUCTION
Phase transitions in the early universe due to the global symmetry breaking have had
tangible cosmological consequences, highlighting an important relationship between particle
physics and cosmology. One of these cosmological consequences has been the formation, after
Planck’s time, of macsoscopic topological defects, in the form of domain walls, monopoles
and cosmic strings [1, 2].
An interesting particular case is that related to global monopoles, first discovered by
Sokolov and Starobinski [3]. The most simple model of this system is due to Barriola
and Vilenkin [4], who consider this heavy topological defect predicted by Grand-Unification
theories, as a consequence of a phase transition of a self-coupling scalar field triplet, due to
the spontaneous breaking of original global O(3) symmetry to U (1). The scalar fields plays
the role of an order parameter which acquires a non zero value outside the monopole’s core.
In the model of Barriola and Vilenkin, global monopoles have, far from the monopole’s
center, geometry similar to that of a black hole, but with a solid angle deficit. Neglecting
the mass term of the monopole, Barriola and Vilenkin obtain the metric of a pointlike global
monopole, given by [4]:
ds2 = −α2dt2 + dr2/α2 + r2(dθ2 + sin2 θdϕ2) , (1)
where we define the parameter α according to the expression α2 = 1− 8piη2, with η of order
1016Gev for a typical Grand Unified theory.
Re-scaling the t and r variables in (1) as τ = αt and ρ = r
α
we obtain
ds2 = −dτ 2 + dρ2 + α2ρ2(dθ2 + sin2 θdϕ2) , (2)
which shows that, as α < 1, (2) represent an spacetime with a solid angle deficit, defined
as the difference between the solid angle in the flat spacetime 4pi and the solid angle in the
global monopole spacetime 4piα2.
An interesting problem to be considered is the influence of the nontrivial topology of
the pointlike global monopole spacetime upon the vacuum expectation values of physical
observables in a quantum field theoretical model of this system. In the absence of a full
quantum theory of gravity, we can consider Quantum Field theory in Curved spacetime as a
useful alternative to address the above mentioned problem. Quantum Field theory in Curved
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spacetime considers matter fields that obeys to the laws of quantum theory but propagating
in a gravitational background considered as classical [5]. In this theory, two important
physical quantities offer all the information concerning matter fields. This quantities are the
renormalized stress energy tensor of the quantum field 〈T νµ 〉ren, and the vacuum expectation
value of the square of the field 〈φ2〉, also called vacuum polarization. This two quantities can
be derived, in principle, using a variety of mathematical techniques, including analytical,
semianalytical and numerical ones [5]-[22].
The quantization of fields around global monopole have been addressed in references [23–
25], where the massless scalar field is investigated, and in [26, 27], where the quantum stress
energy tensor for a massless and massive spinor fields are determined.
In three previous papers, we begin a program to study the quantization of massive fields
of arbitrary spin in the pointlike global monopole spacetime, using the Schwinger-DeWitt
proper time formalism. We first consider a massive scalar field with arbitrary coupling to
the gravitational field of a pointlike global monopole, finding analytical expressions for the
vacuum polarization 〈φ2〉 and the renormalized stress tensor [28, 29]. The quantum stress
tensor for the massive spinor field was considered in our paper [30]. In this report, we will
present the results of our study concerning the quantization of massive vector field, giving
analytical formulae for the renormalized stress energy tensor, for a general spacetime, and
for the specific case of a pointlike global monopole background.
We will use the Schwinger-DeWitt proper time technique, which is adequate to treat the
case of massive fields, whose equation of motion come given in terms of a ”minimal” second
order differential operators of the general form:
Kˆµν (∇) = δµν2−m2δµν +Qµν (3)
where Qµν (x) is some arbitrary matrix playing the role of the potential, and m is the mass
of the field.
In this formalism, we can obtain an expansion of the renormalized effective action for
the massive quantum field of mass m, in terms of the square of inverse mass 1
m2
. In four
dimensions, the first three terms in the expansion renormalize the bare gravitational and
cosmological constant, and adds some higher order terms to the Einstein gravitational action.
The next order term, is the leading term of the one-loop effective action Wren for the matter
field [7–10, 18–21], and defines the Schwinger-DeWitt approximation, that will be use in
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this paper, expected to be valid expect whenever the Compton’s wavelenght of the field is
less than the characteristic radius of curvature of the spacetime. Higher order terms with
respect to the leading one, can in principle be interest to be considered to get better results,
but in view of the extremely complicate calculations involved, we not include them in this
paper, leaving open this problem to be considered in future works.
By functional differentiation of the one-loop effective action, we can obtain the desired
quantum stress tensor using the standard formula
〈Tµν〉ren = 2√ −g
δWren
δgµν
(4)
In the following consider a single massive neutral vector field with mass µ in the gravi-
tational background of a pointlike global monopole in four dimensions. The action for the
system is [31]:
S = −
∫
d4x
√−g
(
1
4
FµνF
µν +
1
2
m2AµA
µ
)
(5)
The equation of motion for the field have the form
Dˆµν (∇)Aµ = 0 (6)
where the second order operator Dˆµν (∇) is given by
Dˆµν (∇) = δµν2−∇ν∇µ −Rµν −m2δµν (7)
being 2 = gµν∇µ∇ν the covariant D’Alembert operator, and ∇µ the covariant derivative.
The one-loop effective action, in terms of the operator (7) is given by:
Γ(1) =
i
2
ln
(
DetDˆ
)
(8)
where DetFˆ = exp(Tr ln Fˆ ) defines the functional Berezin superdeterminant [10] of the
operator Fˆ , and TrFˆ = (−1)i F ii =
∫
d4x (−1)A FAA (x) defines the functional supertrace
[10].
Is it easy to see that the presence in (7) of the nondiagonal term in is an obstacle to
applying the Schwinger-DeWitt technique, valid for operator of the form (3). But taking
into account the identity Dˆµν (∇) (m2δµν −∇ν∇µ) = m2 (δµν2−Rµν −m2δµν ), the one-loop
effective action for the nonminimal operator (7) can be written, omitting an inessential
constant, as
i
2
Tr ln Dˆµν (∇) =
i
2
Tr
(
δµν2−Rµν −m2δµν
)− i
2
Tr
(
m2δµν −∇ν∇µ
)
(9)
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We can identify the first term in (9) as the effective action of a minimal second order operator
Kµν (∇) with potential −Rµν . The second term can be transformed as Tr
[
1
m2
∇µ∇ν
]n
=
Tr
[
1
m2
∇µ2n−1∇ν
]
= Tr
[
1
m2
2
]n
which gives i
2
Tr (m2δµν −∇ν∇µ) = − i2Tr (2−m2), which
is he oposite of the effective action os a minimally coupled massive scalar field. Then, the
effective action for the massive vector field is simply equal to the effective action of the
minimal second order operator Kµν (∇) minus the effective action of a massive scalar field
minimally coupled to gravity.
Now using the Schwinger-DeWitt representation for the Green’s function of the operator
(??), we can obtain the renormalized one-loop effective action of the quantum field φ:
W (1)ren =
1
32pi2
∫
d4x
√−g
N∑
k=3
(k − 3)!
m2(k−2)
[ak] (10)
where [ak] = limx′→x ak(x, x′), are the coincident limits of the Hadamard-DeWitt coeffi-
cients, that are purely geometric terms whose complexity rapidly increases with k. Expres-
sions for this coefficients up to order k = 4 are given in reference [10].
Due to the many identities satisfied by the Riemann tensor, its contractions and covariant
derivatives, the expressions for the Hadamard-DeWitt coefficients, and as a consequence the
one-loop effective action (10) and the renormalized stress tensor given by (4)are not unique,
but all must be equivalent. In a paper by Decaninis and Folacci they addressed propose
a solution to this problem by use of a specific base of scalar constructed from the above
tensors [22]. In the following we use this basis for display the expressions for the effective
action and the renormalized stress energy tensor of a massive vector field.
Using integration by parts and the elementary properties of the Riemann tensor, we can
show that the one-loop effective action of a massive vector field can be written as
W (1)ren =
1
192pi2m2
∫
d4x
√−g
[
− 27
280
R2R +
9
28
Rαβ2R
αβ − 5
72
R3 +
31
60
RRαβR
αβ
−52
63
RαβR
α
γR
βγ − 19
105
RαβRγδR
αγβδ − 1
10
RαβR
α
γδR
βγδ
+
61
140
RRαβγδR
αβγδ +
67
2520
RαβγδR
αβσρRγδσρ +
1
18
RαγβδR
α β
σ ρR
γσδρ
]
. (11)
The renormalized quantum stress energy tensor for the massive vector field in a generic
spacetime background can be determined from (11) by functional differentiation with respect
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to the metric tensor:
〈 Tµν 〉ren = 2√−g
δW
(1)
ren
δgµν
=
1
96pi2m2
[
9
70
(2R);µν − 7
60
R2Rµν +
13
35
R;α(µR
α
ν) −
9
28
22Rµν
− 1
10
RR;µν − 7
30
(2R)Rµν +
337
210
Rα(µ2R
α
ν) +
22
105
RαβRαβ;(µν) +
34
105
RαβRα(µ;ν)β
−107
210
RαβRµν;αβ +
1
21
R;αβRαµβν − 22
35
(2Rαβ)Rαµβν +
46
35
Rαβ;γ(µR|γβα|ν)
+
116
105
R
α ;βγ
(µ R|αβγ|ν) −
1
42
RαβγδRαβγδ;(µν) − 1
24
R;µR;ν +
83
210
R;αR
α
(µ;ν) −
41
84
R;αR
;α
µν
+
31
60
Rαβ;µRαβ;ν −
14
15
Rαβ;(µRν)α;β +
221
210
Rαµ;βR
;β
αν +
113
210
Rαµ;βR
β
ν;α +
5
21
Rαβ;γRγβα(µ;ν)
−107
210
Rαβ;γRαµβν;γ − 17
210
Rαβγδ;µRαβγδ;ν −
29
105
Rαβγµ;δR
;δ
αβγν +
5
24
R2Rµν
−2
5
RRαµR
α
ν −
31
60
RαβRαβRµν +
1
21
RαβRαµRβν +
33
35
RαγRβrRαµβν
−139
105
RαβRγ(µR|γβα|ν) −
19
30
RRαβγµRαβγν +
1
10
RµνR
αβγδRαβγδ
− 74
105
Rα(µR
βγδ
|α|R|βγδ|ν) −
5
42
RαβRγδpµRγδβν +
74
105
RαβR
αγβδRγµδν
− 71
105
RαβR
αγδ
µR
β
γδν +
37
105
RαβγδRαβσµR
σ
γδ ν
+
97
105
RαγβδRσαβµRσγδν −
37
105
RαβγδRαβγσR
δ σ
µ ν +
1
5
RRαβRαµβν
+gµν
[
9
280
22R− 19
120
R2R− 1
84
R;αβR
αβ − 223
420
Rαβ2R
αβ +
79
105
Rαβ;γδR
αγβδ
+
163
680
R;αR
;α − 17
56
Rαβ;γR
αβ;γ − 11
420
Rαβ;γR
αγ;β +
51
560
Rαβγδ;σR
αβγδ;σ − 5
144
R3
+
31
120
RRαβR
αβ +
1
630
RαβR
α
rR
βγ − 53
105
RαβRγδR
αγβδ − 1
20
RRαβγδR
αβγδ
+
2
5
RαβR
α
γδσR
βγδσ − 263
2520
RαβγδR
αβσρRγδσρ −
106
315
RαγβδR
α β
σ ρR
γσδρ
]]
. (12)
The above result is valid for any static, stationary or general time-dependent spacetimes
[32]. As we can see, it consist in a rather local complex expression for the renormalized stress
energy tensor for a massive vector field in the Schwinger-DeWitt approximation. All the
information coming from the massive vector field is included in the coefficients accompanying
each local geometric term constructed from the Riemmann tensor, its covariant derivatives
and contractions. As the only parameter that describes the geometry of a pointlike global
monopole background is that determining the angle deficit, i.e, α, we can expect that the
renormalized stress tensor for the massive field in this spacetime be a function of r and the
parameters α and m.
Using (1) in (12) we obtain, for the components of the renormalized stress energy tensor
6
0.2 0.4 0.6 0.8 1.0
-4
-2
0
2
4
r
<Ti
>
Figure 1. Dependance on the distance from monopole’s core r of the re-scaled time and radial
components 〈T0〉 = 3360pi2m2
〈
T tt
〉
ren
= 3360pi2m2 〈T rr 〉ren (solid line), and angular components
〈T2〉 = 1680pi2m2
〈
T θθ
〉
ren
= 1680pi2m2 〈Tϕϕ 〉ren (dashed line),of the renormalized stress energy
tensor for a massive vector field in the pointlike global monopole spacetime. The values of the
parameter used in the calculations is 1− α2 = 10−5 .
for the massive spinor field in the pointlike monopole spacetime the very simple result〈
T tt
〉
ren
=
(1− α2)
3360pi2m2r6
[
25α2
(
α2 + 1
)
+ 4
]
(13)
〈T rr 〉ren =
〈
T tt
〉
ren
(14)
and 〈
T θθ
〉
ren
=
〈
Tϕϕ
〉
ren
= −2 〈T tt 〉ren = (1− α2)1680pi2m2r6 [25α2 (α2 + 1)+ 4] (15)
In Figure (1) we show the dependance on the distance from monopole’s core r of the
re-scaled time and radial components 〈T0〉 = 3360pi2m2 〈T tt 〉ren = 3360pi2m2 〈T rr 〉ren, and
angular components 〈T1〉 = 1680pi2m2
〈
T θθ
〉
ren
= 1680pi2m2
〈
Tϕϕ
〉
ren
, for a massive vector
field in the pointlike global monopole spacetime.
As we see from the figure, the re-scaled time and radial components 〈T0〉 are decreasing
functions of the distance from monopole’s center, tending to zero as r →∞. Thus, the time
and radial components of the renormalized stress energy tensor for the massive vector field
in the pointlike global monopole background are positive at any distance r from monopole’s
center.
An opposite behaviour present the re-scaled angular components 〈T2〉, which increases
with negative values as r increases, until it reach its maximum value equal to zero at large
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distances. Thus, the angular components of the renormalized stress energy tensor for the
massive vector field in the pointlike global monopole background are negative for all values
of the distance r from monopole’s core.
The above results can be used to investigate the fulfillment of the energy conditions for the
massive vector field in the pointlike global monopole spacetime. This energy conditions are
restrictions need to be satisfied by the components of the stress energy tensor of matter fields,
and are of two types, the pointwise energy conditions and the average energy conditions
[33, 34]. In the following we will analyse only the first type, that are of local character. While
the fulfillment of the weak, strong, null and dominant energy conditions at the classical level
are perfectly reasonable assumptions, semiclassical effects are capable of violating all of it.
Both local and averaged energy conditions are important concerning classical singularity
theorems as the Penrose and the Hawking-Penrose singularity theorems, whose proof invokes
the weak and strong energy conditions, respectively. Also the proof of the zeroth law of black
hole thermodynamics relies on the dominant energy condition whereas in the proof of the
second law of black hole thermodynamics one uses the null energy condition.
As usual we can define the energy density of the quantum massive vector field as ρ =
−〈T tt 〉ren. The radial pressure is defined as pr = −〈T rr 〉ren and angular pressures as pθ =
pφ = p =
〈
T θθ
〉
ren
=
〈
Tϕϕ
〉
ren
.
The restrictions on the stress energy tensor for the quantum field that gives rise to the
four pointwise energy conditions can be written in terms of the energy density and principal
pressures defined above. The Null energy condition imply that ρ−pr ≥ 0 and ρ+p ≥ 0. The
Weak energy condition is equivalent to the Null energy condition with the extra constraint
ρ ≥ 0. The Strong energy condition is also equivalent to null energy condition supplemented
with the constraint ρ − pr + 2p ≥ 0, and finally the dominant energy condition is fulfilled
when ρ ≥ 0 and −ρ ≤ pi ≤ ρ [33].
The results obtained in this work for the components of the renormalized stress energy
tensor for a massive vector field in the spacetime of a pointlike global monopole imply that
the energy density and the principal pressures of the quantum field are related by ρ = pr
and p = 2ρ = 2pr. Then, our results imply that, at all distances from the monopole’s core,
we have that ρ ≤ 0, pr ≤ 0, ρ − pr = 0, ρ + p = 3ρ ≤ 0 and ρ − pr + 2p = 4ρ ≤ 0.
Then, according to this relations, the quantum massive vector field in the pointlike global
monopole backgreound violates all the pointwise energy conditions.
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Another problem in which the results obtained in this paper can be used is the inves-
tigations of the changes in the geometry of the spacetime describing the pointlike global
monopole induced by the non zero values of the components of the renormalized stress en-
ergy tensor of the massive vector field, the so called backreaction problem [35, 36]. We can
use
〈
T νµ
〉
ren
as a source in the semiclassical Einstei’s equations, and solve it perturbatively.
we can expect that as a result of the backreaction of the massive field upon the spacetime,
the angle deficit characterizing this background changes. In a future report wi will address
this problem.
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